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Abstract

We present the properties of a two-component spinor field that obeys a third-order equa-
tion. It is separated into a massive part that corresponds closely to a Dirac field, and a
massless part that obeys the Weyl equation. We discuss the interaction of such a field
with an external electromagnetic field and the (weak) interactions of two such fields.
They can be considered both in terms of relativistic quantum mechanics and quantum
field theory. We conclude that this formulation has some attractive features, such as a
unified treatment of electrons and muons with their neutrinos, a special role of the
P%¢ transformation, a more convergent propagator and a new approach to interactions.
It also has some serious difficulties, aside from those generally associated with higher-
order equations. These are mainly related to inconsistencies in the simultaneous consider-
ations of electromagnetic and weak interactions, The approach also suggests a further
unification of the electron and muon fields into a single bispinor field.

1. Introduction

The new insight into the nature of weak interactions be Lee & Yang
(1957) led to changes in the theory of the four-fermion interaction
(Sudarshan & Marshak, 1958; Feynman & Gell-Mann, 1958). In particular,
Feynman advocated the use of two-component spinors not only for the
massless neutrino, but also for massive charged particles such as the elec-
tron. This generated a considerable amount of interest in the theory of these
spinors (Brown, 1958; Kibble & Polkinghorne, 1958; G. Marx, 1958;
Tonin, 1954; Theis, 1959; Barut & Mullen, 1962a), but the results were
inconclusive and the usual formulation of the Dirac equation in terms of
bispinors retained its preferential place in the literature.

One difficulty associated with the theory of two-component spinors
is the lack of a Lagrangian densityl that leads to a second-order wave
equation. Attempts along these lines have led to the third-order equation

T A possible formulation for a quantized field is discussed by Case (1957).
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(Kibble & Polkinghorne, 1958; Barut & Mullen 1962a) we discuss here.
Another possibility that was explored (Marx, 1970a) was an observer-
dependent Lagrangian density which allows a quantization by means of
commutators, but does not describe the usual electrons.

We have two main reasons to come back to the third-order equation.
One is the experimental verification of the existence of two kinds of neu-
trinos,] which makes the association of a massless particle to each charged
lepton more attractive. The other is an increase in flexibility brought to the
theory by developments in relativistic quantum mechanics (Marx, 1969,
1970a, b, c), since the quantization of the field presents difficulties such as
those related to indefinite metrics in the space of state vectors.

In Section 2 we recast some results obtained from the Dirac equation
in terms of two-component spinors. They are equivalent to a considerable
extent, but some differences are apparent in relation to improper and anti-
chronous Lorentz transformations presented in Section 3. We then derive
the third-order equation via the Lagrangian density and find the corres-
ponding conserved quantities in Section 4. For the free field, they can be
separated into parts coming from the massive and massless fields. Section
5 contains a discussion of the interaction with a given electromagnetic
field, introduced by means of the usual gauge-invariant substitution. This
approach for a single field implies that the massless field also interacts with
the electromagnetic one, which would present difficulties in its identification
with a neutrino. Weak interactions are introduced through vector currents
formed from an electron field and a muon field, which have the correspond-
ing neutrinos already incorporated into them; we do this in Section 6,
and point out some differences with the usual four-fermion coupling due to
additional terms in these currents. In Section 7 we discuss in general terms
the interpretation of these classical fields in relativistic quantum mechanics,
and in Section 8 we do so for a theory of quantized fields. We conclude in
Section 9 with a summary of the results and some indications for further
research.

We use real four-vectors and the time-favouring metric in Minkowski

space. Our units are such that
A=1, c=1, (1.1

four-vectors and tensors have Greek indices that range from 0 to 3, and we
use the modified summation convention for repeated lower Greek indices,
that is,

a,b,=a,bp—a-b (L.2)
Spinors carry capital Roman indices, which are dotted when the spinor
transforms with the complex conjugate of the unimodular transformation
that corresponds to a given Loretnz transformation (Corson, 1953;
Rzewuski, 1964; Aharoni, 1965). There are some discrepancies in the de-
finitions of the raising and lowering of indices; our choice is explained

1 See Frazer (1966), where references to the original literature are given.
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in Marx (1970a). The quantities o2 are invariant under combined transfor-
mation for the vector and spinor indices, and they are represented by the
unit 2 x 2 matrix and the three Pauli matrices. A bispinor can be related to
two spinors through the relation

()

where the indices specify the unimodular transformation that corresponds
to a Lorentz transformation. The Dirac matrices are given by

0 —0'* B
(o ) 1.4
that is,
0 -1 0 o
vo«(_l 0)’ v——(_a 0) (1.5)
We note that
(0,40)* = Ojsp = Oupa (1.6)
and we associate a second-rank spinor
a’P =g, A8 (D

to the four-vector a,. Furthermore, we simplify considerably the notation
by suppressing the spinor indices where they can be restored without diffi-
culty; this does not result in the use of a matrix notation, since the indices
should be restored in their natural positions on the different quantities and
alternate as lower and upper indices, For instance,

. 0l2020,050,5= Q%402 0ucn 05" P, (1.8)
Since

P oa=—1a0® (1.9)

the position of the index on ¢ is not important as long as we have even num-

ber of indices, but we have to know whether it is an undotted or dotted index.
A frequently used identity is

6,0,+ 06,0,=2g,, (1.10)
which stands for _ ) ]
Ouas GSB + 0,58 053 = Zguv 55; (I 1 1)
or
OuaB G\é}c + 0y4n O.‘./}C = 2guv 5% (112)

depending on the context. Other definitions and identities are given through-
out the text.

2. The Dirac Field
Using the relationships (1.3) and (1.4), the Dirac equation
iy 0+ m)p(x)=0 @1
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becomes the system of coupled equations
1048 op(x) = — myA(x) 2.2
10452 4(x) = ~ m@y(x) (2.3)

One possible approach to the use of two-component spinors retains both
the fields @ and y (Brown, 1958; Tonin, 1959); in this manner we are only
dealing with a change in notation. Alternatively we can eliminate one of
the fields and use only the remaining one. If we substitute y from equation
(2.2) into (2.3), we obtain the Klein—-Gordon equation

(045 94€ +m* 65) 9c(x) = 0 2.4)

This second-order equation is equivalent to the two first-order equations
(2.2) and (2.3) in the sense that there is a one-to-one correspondence between
the solutions. We can use equation (1.12) to rewrite this equation in the

form
(@ +m) p(x) =0 (2.5)

Although the equations are the same, they lead to different interactions with
the electromagnetic field by means of the gauge-invariant substitution}

9,~D,=0,—icA,. (2.6)

We can further substitute these fields in the conserved densities for the
bispinor field. Thus, the current density

JP =y 2.7
becomes
JP = op*c,0 + 0% 0,0,0,0 4/m? (2.8)
the stress-energy tensor
Tftlv) Z%Z(J'Yulp,v - J,v%ﬂb) (2'9)
gives
TR =3i(9* 6,0,y — 010, 0 + 07,0,0,0,¢ 5,/m*
- (pjkmv 0,0,0p q),ﬁ/mz) (2 10)
and the angular momentum density
M, =x,T3 —x, TR + 37,0, + 0y, 7)Y (2.11)
where
Opy = 'Li(yu Vv — Py 'Yu) (212)

is transformed into
Mftlv)p =Xy Tg)) - X Tf}v) + Zlci[go*(au Gy,0,— 0,0, G'u) 4
+ (Djka 0,(6,0,0,—6,0,0,) 03¢, 5/m’] (2.13)
The expression (2.10) for T,, contains second-order time derivatives;

1 This distinction is involved in a comment (G. Marx, 1958) that the Feynman equation
seems to violate the ‘principle of minimum electromagnetic interaction’.
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they can be eliminated by using the equation of motion to show that
Dap = (aac aB — 8ap 82) P — nga:ﬁ @ (214)

(It has an expression free of 9,* on the right-hand side.)
Alternatively, we can eliminate ¢ to obtain the equation of motion

(082 0ep + m288) y5(x) =0 (2.15)

and the conserved densities have the same form as those in equations
(2.8),(2.10y and (2.13); they differ only by the position and type of the spinor
indices.

3. Lorentz Transformations

Under a Lorentz transformation, vectors transform according to

X, =a,x, 3.
where (a,") is a real pscudo-orthogonal matrix that satisfies
ata, g™ =g (3.2)
while spinors undergo a linear transformation
Oa= 5a" Pp, (3.3
where (5,®) is a complex unimodular matrix; it satisfies
det(s,®) =1 (3.4

The relationship between the two types of transformations is given by
the invariance of the g,

*¢ . D =
a," 535 58° Opep = 041 3.5
and we solve for a,’ to obtain
= 1lc%C o D -AB
a,’ =%53"58° 05" 0¢p (3.6)

The determinant of such a matrix (a,) is +1 and a,° is positive, which indi-
cates that we are restricted to proper orthochronous Lorentz transform-
ations. Conversely, it is possible to find two unimodular matrices from
equation (3.6) for a given proper orthochronous Lorentz transformation
matrix (a,”); they differ by an overall change of signs.

We also want to consider the antilinear transformations

Pa=5a"0% 3.7
we obtain the transformation matrix

*C D

— AB v
a,’ =455 5% 0,8 o (3.8)

which corresponds to an improper orthochronous Lorentz transformation.
Thus, it includes the parity transformation & on the coordinates; but
the complex conjugation of the spinor field leads to the interchange of the
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positive- and negative-frequency parts. Consequently, we associate this
type of transformation with ¥4 where ¥ stands for charge conjugation.
We cannot obtain antichronous Lorentz transformations in this manner;
in particular, multiplying the elements of s by ; does not change the resulting
a,’ in equations (3.6) and (3.8).

On the other hand, all homogeneous Lorentz transformations can be
represented by linear transformations of bispinors. Under a Lorentz
transformation, a spinor field Y(x) goes into

Y'(x) = Sy(x) (G.9)
and the invariance of the y, gives
a,’ Syy St = Yu (3.10)
whence
a, =4Tr(S"1y,S") (3.11)

The matrices that correspond to the parity transformation & and time
reflection 7 are
Sp =+ iy (3.12)

Sy==%1p1727s (3.13)

and they give the correct Lorentz transformation matrices through equa-
tion (3.11). Neither of these transformations involves complex conjugation
of the field; thus, the second one represents the strong time reflection that
interchanges particles and antiparticles when ¢ changes into —¢. In the repre-
sentation (1.5) of the y,, they are

Sp == z((; é) (3.14)
Sr=+ (__(1) (I)) (3.15)
and the transformations of the spinors are, choosing the plus sign,
@' =1y (3.16)
¥ =i (3.17)
for a parity transformation, and
o = (3.13)
=—0 3.19)
for time reflection. If we use equation (2.2), equation (3.16) becomes
@a(x") = 9%% pg(x)/m (3.20)

1 Aharoni (1965) relates the antichronous part of the Lorentz group to transformations
with matrices of determinant —1; we believe this is incorrect.
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it is debatable to what extent this relation represents the Lorentz transform-
ation, especially if we consider that it involves not only the field but also
its time derivative.

Charge conjugation, 4, which leaves the coordinates invariant, is repre-
sented by the antilinear transformation

Y(x) =t iy (x) (321
so that 2% is represented by
Y(xX) =2 9072 ¥(x) (3.22)
whence
¢'(x") = 020%(x) (3.23)

This transformation, up to a factor 7, belongs to the type (3.7). We also note
that what is usually called time reversal,

YY) =2y 729 (x) (3.24)

corresponds to = 7 '% and implies no interchange of particles and anti-
particles.

If we restrict ourselves to the vector space of spinor fields as functions of a
three-vector variable, we have represented proper orthochronous Lorentz
transformations and also the product of this subgroup with 2%. Represent-
ation of Z and 7 are in a sense tied to the dynamics of the field, as stated by
equations (2.2) and (2.3). These properties of spinors make them particu-
larly well suited to the formulation of weak interactions.

4. Third-Order Equation

The Dirac equation (2.1) can be obtained from the Lagrangian density

SO =30y = Vnvuh) — Py (4.1)
We eliminate y by means of equation (2.2), and this Lagrangian density
becomes
£ = 71’[(@?; 000y 0pP pp~— onizu 0 0p0g (P,ﬂ)/mz

- (D* 0y Py + (P:ka " (P] (42)

It is not equivalent to @), because we have used an equation of motion

in the substitution; also the presence of second-order derivatives changes

the nature of the restrictions on the variations of the fields at the boundary.

The Euler-Lagrange equations, extended to this case (Barut & Mullen,
1962b; Goldberg & Marx, 1967), become

i+ m¥) g, =0 4.3)

the third-order equation considered by Kibble & Polkinghorne (1968) and

1 Such a transformation is used by Theis (1959). He does not make any distinction
between the spinor and bispinor equations in this context.
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Barut & Mullen (1962a). These fields have then six basic degrees of freedom
instead of the four for the Dirac field, and theequations are not equivalent.
We can separate the solutions of this equation into two parts,

Pa=Cs+1a (4.4)
by means of projection operators; we set
o =— 0% @s/m* 4.5
na= (0% + m?) @u/m* (4.6)
They satisfy
(@*+m)és=0 @.n
0%, =0 4.8)

so that £ corresponds to the field ¢ in equation (2.5) and y represents a
massless spin-1/2 field. 1

We obtain the conserved densities from the Lagrangian density (4.2)
via Noether’s theorem.§ A guage transformation of the first kind gives the
current density

jl’l. == %IQD* 0y @ — %((D* 0u®P an + (P* Oy Py — (Pfu Oy (P,az)/mz +c.c (49)

where c.c. stands for the complex conjugate of the expression preceding
it. We express j," in terms of £ and i and separate it into two parts by adding
the divergence of an antisymmetric tensor, f,, ., where

S =320%(0,0,—06,0,) 650 4/m*+c.C. 4.10)
‘We obtain
Ju=E*0, &+ & 0,060,048 g/m* —nto,n “.11)

Space-time translations yield the canonical stress-energy tensor

Ty =303, 0,0 + @ 0a/M?) + 07,000 0/ m?
- (P:kuv Oy (D,Gz/mz] +cc — ffguv (412)

to which we add a term f,,,, ,, where

f«;cuv = %i [(p:kv(au Oy = Oy O-,u) 0',8 (p,ﬂ/mz - 27?*(guv Oq — Sav gu) 5] +c.c
4.13)
to obtain

Ty =HIE¥ 0,8+ E40,0,0,E g — ¥ aun ] + oo (414)

I The parameters 4 in Kibble & Polkinghorne (1958) and ¢ in Barut & Mullen (1962a)
are simply normalization parameters for this massless field, as pointed out in the first
reference. When they are set equal to zero, the effect is to eliminate this massless field
again.

§ We use the expressions in Goldberg & Marx (1967), after changing the signs preceding
0.F[0¢1.,z2 in equation (A.18) and 8,(Ai,6 @) in equation (A.20) from minus to plus.
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Homogeneous Lorentz transformations lead to the angular momentum
density
M, =x,T,,— %, Ty, + Spn (4.15)
where
Sivo =H{O*F 5,[0,(0 0l M* + @) + 0,9 0,/ "]
- (guv (Pikv = &uo g”jkv - (pjku Eyi’kp) Og (p,ﬂlmz} +c.c (416)
yuvAB = %(0'” cal vCB = Oyea O-E B) (417)

to which we add f,,,, , where
Jauve = Xy Saup = XoSouy + _11—6 i{p*(6,0,— 0,0,) (oy G, —0,0,) CpP.p
- 4("*[6&(8}” Gy~ 8uo O'v) - gﬂ(gaw Op— &ap o'v)] Gs Qs
- 2(0*(0’,, Oy —0, ) (Gv Pp—0p QD,V) + 8(9*(guvgzp - gupgav) OpPp
+ 4(P*{(gam Oy = 8uy0p) Pou— (gup Oy = Zuy Op) 0] = c.c.}/m2 (4'18)

to obtain
M, =x, Tuo - Xp Tuv + Suvo (4'19)
where

Sue =3[0, 0,0, —0,0,06,)E + Eo(0,0,0,—0,0,6,)05& p/m?
- ’?*(Gu 0y0,— 0,0, 0‘”) ’T} (4'20)

We note that the expressions for j,, 7,, and M,,, are all the difference
between two terms of precisely the form found in equations (2.8), (2.10)
and (2.13), after equation (4.8) is used to eliminate some terms for the field

' The solutions of equations (4.7) and (4.8) can be written in the form

1/2
£(x) = 2n)~32 f d3p z [m]
X [b;(p) exp(~ip X) + dx(P) exp(ip- x)] 1,(5) 4.21)
7(x) = (2m)~3/2 f d*k [a(K)exp(—ik - x) + c(k) exp(ik-x)] x. (k) (4.22)
where the y, are the usual helical states and
po=(p* +m?)"? (4.23)
ko = |k| (4.24)

We obtain j, from equation (4.11) and integrate it over all space; this
gives the ‘charge’

Q=fd3p(b},"b,l+dj{‘d£)—fd3k(a*a+c*c) (4.25)
Similarly, the integral of T}, gives the energy-momentum vector

P,= f dBppbib, —dtd,) — f Pkkfa*a—ctc)  (4.26)
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The space-space components of the angular momentum tensor can be
found and they separate into orbital and spin parts}

Ly =i [ &*p{p, L6} 8bx 10,
+ (15 Ay 1:)f0pi) — (o)} — i [ ket
x [ a* Aok + 1, c* Aex ok - o)y (@427)

S=1 [ d*p(b} o byt + 4% 0 dy 1)
-3 f A*k(yLa* e ay, + xl.c* e cxy) (4.28)

The sign of the contributions of the different fields is determined by the
direction of propagation in time in relativistic quantum mechanics or by
anticommutation of creation and annihilation operators in the usual quan-
tum theory of fields.

If the field that is eliminated from the theory is ¢, the Lagrangian density
% in equation (4.2) has the same form, and equation (4.3) is replaced by

i9,5(% + M)A =0 (4.29)

The fields £ and 5 have a superindex A instead of a subindex A, and equation
(4.8) is replaced by )

0,2 =0 4.30)
Consequently, the expansion in equation (4.22) contains y. instead of
%+, which changes the contribution to the spin in equation (4.28) accord-
ingly.

5. Electromagnetic Interactions

We obtain the interaction of this spinor field with an electromagnetic
field, given by the potential A, through the substitution (2.6). From the
Lagrangian density (4.2), we find

& =3i{(Dy ¢*)0,0,04 D, Dy ¢ — (D} D} 9*) 0,6, 65 Dy pl/m®

— ¢* 0, D, ¢ + (D ¢*) 0, ¢} .1
We note that the operators D, and D, do not commute, but
D,D,— D,D,=ieF,, (5.2)
and consequently .
Dey DB= 68 D% +ie F,y & 1ya® 5.3)
The equation of motion is
iDP(Dpe DA + m*58) 9, =0 (5.4)

1 We recall (Marx, 1968) that these parts do not correspond to the terms in equation
(4.19), since Sy, is not a conserved density.
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We can still separate the solutions of equation (5.4) into two parts given by

$e=— Dyc DBA Qalm? (5.5
fic = (Dgc DBA + m? 58) ¢ ,/m? (5.6)
which obey .
(Dyc DBA +mP88)E, =0 6.7
Z‘DﬁA Ha = (5'8)
Equation (5.3) shows that equation (5.7) can be written in the form
[(D*+m?) 68 +ieF,, & 1Esa=0 5.9

which is essentially Feynman’s equation.

Equation (5.8) indicates that the massless field is charged, so that in this
theory it should not be interpreted as the neutrino field.?
We also find that the conserved current density is

J.L’L =-'%‘§0*O-uq) “%[(p*auaao-ﬂ DaDﬂ(P
+¢*0, D, Do — (D} ¢9*) 0, D, p]/m* +cc. B.11)

which can be changed to

Ju=E*0,&+ (D} E¥) 0,0,0, Dylfm* —n*a,n (5.12)
by adding the divergence of
Jow=%0*(6,0,—06,0,) 05 Dy o/m* + c.c. (5.13)
The current density (5.12) separates into j{’ and j® given by
=i =72 (5.14)
JP =g, &+ (D} £%) 0,06, 05 Dy Elm? (5.15)

and both parts are conserved independently. Furthermore, j{’ can be ob-
tained from the current density (2.7) for a Dirac field that obeys

(—iy*D+m)y =0 (5.16)

The fact that the field # interacts with the electromagnetic field in this theory
is to be expected if we consider that the basic field ¢ transforms in the usual

way,
P(x)—>¢'(x) = @(x) exp[~ied(x)] (5.17)

under gauge transformations of the second kind. It is possible to have £
obey equation (5.7) and % the free-field equation (4.8), but then the unifying
concept of the field ¢ is lost.

1 It is not clear whether this difficulty is removed by the separation given by Barut &

Mullen (1962a) in their footnote on page 194. It appears to lead to an equation different
from (5.4), and the substitution

0y~ Dy, =8, + Lie(1 + 13) A, (5.10)
is not Lorentz covariant.
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A more desirable interpretation of Q in equation (4.25) is that of a lepton
charge, which hasto be conserved for electromagnetic and weak interactions.

In a dynamical problem, we can specify ¢, ¢ and § initially (or &, & and
1), and determine the fields at later times. In the context of relativistic
quantum mechanics, it is appropriate to specify positive-frequency parts at
the initial time and negative-frequency parts at the final time; this can be
further modified by changing the Green function. The probability amplitudes
in momentum space are given by generalizations of equations (4.21) and
(4.22), such as

1/2
5 =0m>2 [ & =)
x [b:(p, 1) exp(ip-x) + dy(p, 1) exp(~ip )} xx(p)  (5.18)

x [~ b;(p, t) exp(ip*X) + d,(p, t) exp(—ip-x)] 1:(5)
(5.19)

n{x) = @ry3? f A kla(k, t) exp(ik-x) + c(k, 1) exp(—ik-x)] x. (k)  (5.20)

Interms of these time-dependent amplitudes, the charge Q in equation (4.25)
has the same form.

We also note that the parity transformation given by equations (3.9)
and (3.14) becomes dependent on the electromagnetic field, since they
imply that

Pa(x") = D*® pp(x)[m (5.21)

a relation that again exhibits the dynamical nature of this symmetry.

6. Weak Interactions

We can use fields that obey a third-order equation to discuss weak inter-
actions if we identify the massive part with the electron or muon and the
massless part with the corresponding neutrino. Thus, we need two of these
fields to describe a leptonic process such as muon decay.

The type of field that enters in such an interaction can be obtained from
the usual four-fermion coupling. It involves currents of the form

=P, + iys)Y, + c.c. 6.1

and, since our choice of y-matrices implies that

i 0
Vs =V1V2V3% = (0 ——i) 6.2)
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the electron field enters through the part projected by the operator

. 00
s+ =g 1) (63)
This selects the field ¥ from the bispinor. The current (6.1) is then a part of
Ju= 1" 0upa b (6.4)

which in addition contains terms with two electron fields or two neutrino
fields. The nature of the muon field depends on our choice of the assignment
of the u* or p~ to the role of particle. The analogy between the pu~ and the
electron is usually taken as an indication that it should be the particle,
but we prefer to assign the u* to this role because it allows the neutrinos
to be part of a single bispinor field, because it suggests a single lepton num-
ber assignment that forbids the decay of the muon into an electron plus one
or more photons, and because the different mode of propagation could be
involved in an explanation of the large mass ratio for the muon and electron.

If we use capital Greek letters for the muon field, we can write the Lagrang-
ian density in the form

L =Lo()+ Zo(P) + &, 6.5)
where % is given by equation (4.2) and
L1 =81 upax” DE 0P Pp = gJ,(1) T(P) (6.6)

Since this interaction term contains no derivatives of the fields, the conserved
electron and muon currents are still given by equation (4.9). The equations
of motion have the form

i037(0% + m?) x® = gm? 0,50 x° (D) 6.7)

and the electron and neutrino parts defined by equations (4.5) and (4.6) obey
(0% + m?) & = igd*® [1 €T cn(D)] (6.8)

10481 = gx* Jan(P) (6.9)

Using these equations, we find that adding the divergence of £, from equa-
tion (4.10) gives a current density
Ju=¢&%0,{+ é?;azxo-uo‘ﬁ é,ﬂ/mz —n*oun
+ 2ig{0.[Jp(P) x*] 04 00, X — 1* 0,04, 04 8 [ (D) 1}/ m?
+ @I @) (" 0,6,05 5 — £10 0,0, 05 1T ())
+g2Ja(®)Jﬁ(@) x%0,0,04 x/m? (6.10)

which includes terms dependent on the interaction.
If we define the neutrino current density by

JP=n*o,n— H*o, H, (6.1D)
we calculate

JB =gl (D) (¥ o, —n¥0,8) ~ T () (E*e, H- H*6,5)] (6.12)
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and conclude that this current is not conserved. We are thus confronted with
the difficulty to reconcile conservation of lepton number with conservation
of charge for this form of the weak interactions.

7. Relativistic Quantum Mechanics

The interpretation of a classical field as a wave function in relativistic
quantum mechanics is closely connected to the type of Green function used
in the solution of a dynamical problem and the corresponding specification
of boundary conditions.

The Green function for this third-order equation is a second-rank
spinor that satisfies the equation

8542 + %) G, ¥') = — 8(x — x') 6% )

As in other cases, we can find the Fourier transform and invert it, that is,
we determine

, 1 k,o,esexpl—ik-(x —x'
o) = g [ B o)
©

where the path (C) specifies how we have to integrate around the poles of
the integrand. The exact nature of the path to be selected depends on the
identification of the positive- or negative-frequency part with the particles,
which should be specified at the intial time. The usual choice is the causal
Green function or Feynman propagator,

, 1 k, 0,64 €xpl—ik-(x — x"]
(F) = 4 7. u P uCA
Geits )= nye f CE G Ly © = 7 7.3

which requires that the positive-frequency part of the wave function be
specified at the initial time, and the negative-frequency part at the final time.
A process such as

w e+, +, (7.4)

is determined by specifying the states of both antineutrinos at the final time
and requiring that no positrons or u~ be present at the final time and no
neutrinos, electrons or u* be present at the initial time. A perturbation ex~
pansion in powers of g can be used to determine the positive-frequency parts
of both fields y and & at the final time and the negative-frequency parts at the
initial time. Those parts containing x~ and e~ give the probability of the
process under study and the amplitudes of the particles involved. Another
process that would be described by the same calculation is

ﬂ+ + i"e -> vu + Ve (75)

which violates charge conservation; such a reaction has to be forbidden
by dynamical considerations or additional constraints.
Asin the case of the Dirac equation, we have to change the signs of certain
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elements of the Hamiltonian (Marx, 1970c¢) in order to have a conserved
charge for the massive particles. This can also be accomplished by a quanti-
zation of the field (Marx, 1972) that leads to a fixed number of ‘particles’.

There are no special difficulties with purely electromagnetic interactions,
since the currents for the massive and massless particles are separately
conserved.

In the conventional approach to relativistic quantum mechanics (Feyn-
man, 1949; Bjorken & Drell, 1964), problems with divergences should be
helped by the degree of the integrand in equation (7.3), which is -3 rather
than —1, as is the case for the usual fermion propagator.

8. Quantization

Much effort was spent (Kibble & Polkinghorne, 1958; Barut & Mullen,
1962a) in following a canonical quantization procedure for this field.
This leads to difficuities such as ‘improper limits’, indefinite metric in the
space of state vectors and subsidiary conditions.

Due to the intrinsic ambiguity in the passage from (antisymmetric)
Poisson or Dirac brackets to (symmetric) anticommutators, we do not find
a strong reason to rely on a canonical quantization procedure for a fermion
field. We prefer the straightforward approach of identifying the independent
amplitudes in momentum space, with normalization factors determined
by the simple form of the charge, and assuming that they obey the usual
anticommutation relations, such as

{Da), DL} = {dx(p), d}(p)} = 6.1 O(p — ) (8.1)
{a(k), a'(k")} = {c(k), c"(k")} = 6(k ~ k') 8.2

while the others vanish. These are operators in the Schrodinger picture,
and a detailed examination of possible problems with causality isneededina
particular theory.

In the conventional approach to quantum field theory, we assign the
role of creation operator to the negative-frequency part of the field;
operators are then normal-ordered, which changes the signs of certain terms
in the conserved quantities. The state vector obeys the Schrodinger equation
and we can use a retarded Green function to find the time development of
the state.

In our modified quantization procedure (Marx, 1972), we develop a
theory that is closely related to relativistic quantum mechanics. We assign
the role of annihilation operators to both the positive- and negative-fre-
quency parts of the field; in this manner, we only have to deal with a fixed
number of ‘particles’. We assume that the Hamiltonian operator displaces
particles forward and antiparticles backward in time. This requires the
introduction of a many-times formalism, and also changes the signs of the
conserved quantities in the desired way. Such a theory makes use of a causal
Green function in the space of state vectors. There also is a certain amount
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of flexibility that allows the interchange of the direction of propagation in
time for some particles and their antiparticles, if this is required by the
conservation laws. The main difficulty is presented by the consistency
conditions in the case of interacting particles, since the equations of motion

oy[ot,=Hy 8.3)

Y[ot, = Ho (8.4
imply that

[Hy, H]¢ =0 (8.5)

Barut & Mullen (1962a) present a detailed formulation of quantum elec-
trodynamics for this field in such a way that the massless field is effectively
eliminated, but they give no indication of its role in weak interactions.

9. Concluding Remarks

We have studied a classical two-component spinor field that obeys a
third-order equation, starting from a Lagrangian density obtained from the
Dirac theory for bispinors.

The free field can be decomposed into a massive field that obeys the
Klein—Gordon equation and a massless field that obeys the Weyl equation.
It is thus capable of describing the electron or muon field together with the
corresponding neutrino. The electromagnetic interactions introduced
through the usual gauge-invariant substitution maintain this separation,
but the massless part of the field is also affected. This difficulty could be re-
solved by further research either to modify the interaction or to study the
possibly peculiar properties of a massless charged field or particle (Bonnor,
1969).

The interaction Lagrangian density for weak interactions of leptons was
obtained from the usual vector currents without derivatives of the fields,
but in the present theory it includes terms with two massive fields or two
massless fields, which introduce possible decays that violate electric charge
conservation. Thus, a physically meaningful theory for weak and electro-~
magnetic interactions still has to be found.

Fields that obey higher-order equations do not present any special diffi-
culties of interpretation in relativistic quantum mechanics, but the signs
of the contributions to conserved quantities may have to be changed by mod-
ifications similar to those used for the Dirac equation. It is also of interest
to examine the changes in the usual perturbation theory; the improved
convergence due to the degree —3 of the integrand of the propagator might
solve some of the well-known problems with divergent diagrams.

The quantization of this field can be carried out in several different ways,
and there seems to be no justification in spending a great deal of effort on
canonical formulations. The approach most attractive to us relates directly
to probability amplitudes and relativistic quantum mechanics. This avoids
problems such as an indefinite metric in state vector space.
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A further unification of the electron and muon fields into a bispinor
field that obeys a third-order equation, briefly mentioned by Kibble &
Polkinghorne (1958), is another interesting possibility. Once the electro-
magnetic and weak interactions are found, we might find out how different
masses for electrons and muons arise starting from a single field with one
mass parameter.
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